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We investigate long-range pairing interactions between ultracold fermionic atoms confined in an optical lattice
which are mediated by the coupling to a cavity. In the absence of other perturbations, we find three degenerate
pairing symmetries for a two-dimensional square lattice. By tuning a weak local atomic interaction via a Fes-
hbach resonance or by tuning a weak magnetic field, the superfluid system can be driven from a topologically
trivial s-wave to topologically ordered, chiral superfluids containing Majorana edge states. Our work points out
a novel path towards the creation of exotic superfluid states by exploiting the competition between long-range
and short-range interactions.
Ultracold fermionic gases form an ideal platform for a new
generation of quantum technologies [1, 2], and for the quan-
tum simulation of many-body phenomena [3, 4] such as super-
fluidity [5, 6]. Their key feature for these applications is that
local (on-site) atomic interactions can be tuned very precisely
using Feshbach resonances to explore, e.g, the crossover from
BCS to BEC regimes [7], quantum simulation of the Fermi
Hubbard model [8], and strongly correlated fermions in re-
duced dimensions [9–12]. Coupling ultracold atoms to opti-
cal cavities [13–22] promises to extend this control to long-
ranged interactions.
This coupling can be employed to induce a self-ordering
transition of the atomic gas which coincides with a superradi-
ant transition of the cavity [23–26]. Artificial magnetic fields
can be induced to create distinct topological phases [27–29].
Most importantly, various types of cavity-mediated interac-
tions could give rise to a plethora of many-body phases [30–
38], including superfluid and charge density states, and even
more exotic phases with no direct analog in condensed matter
systems. All these developments render ultracold fermionic
atoms natural candidates to explore exotic physics, such as
topological phases [39–41], which would be more difficult to
observe in condensed matter.
Topological superfluids in particular constitute a highly in-
teresting class of such states, as the zero-energy edge states
feature Majorana fermions - exotic quasiparticles which are
their own antiparticles and the elusive building blocks of fu-
ture topological quantum computers [42, 43]. To date, nu-
merous theoretical proposals to create such superfluids from
ultracold fermions have been put forth. The most straightfor-
ward proposal, to induce pairing with p-wave Feshbach reso-
nances [44, 45], suffers from large particle loss rates. Theoret-
ical proposals to circumvent this fundamental problem aim to
combine conventional s-wave pairing with the design of com-
plex single-particle Hamiltonians. Most prominently, Raman-
mediated spin-orbit coupling can induce a similar effective
atomic interaction [46–51], but to date cooling such a system
to the superfluid phase transition has not been achieved [52].
Other proposals include spin-dependent optical lattices [53–
55], tilted lattices [56], or multi-species lattices [57, 58]. But
to date neither of these proposals could be realised experimen-
tally either, requiring delicately engineered Hamiltonians that
are challenging to realize.
Here we demonstrate how the competition between long-
range cavity-mediated interactions and weak symmetry-
breaking perturbations can be exploited to create a second-
order topological p + id-wave state - a novel class of topolog-
ical state featuring Majorana fermions in corner states which
to the best of our knowledge have not been observed to date.
These states arise among a wealth of other topological states
that can be robustly created and fully controlled by engineer-
ing local atomic interactions. In particular, we find that in
the absence of local interactions, three pairing symmetries -
s-, p- and d-waves - are degenerate in a cubic lattice poten-
tial. The competition between the different phases leaves the
system in a frustrated state, where symmetries can be sponta-
neously broken. Weak perturbations remove the degeneracy
and push the system either into a topologically trivial s-wave,
a first-order topological p-wave, or into the p + id-state. The
emergence of these exotic states relies only on the degeneracy
of different pairing symmetries as a consequence of the long-
range nature of the interactions, rather than the fine-tuning of
a microscopic Hamiltonian. As such, we believe that these re-
sults are a generic consequence of the distinct length scales,
and in this sense a robust feature of the long-range nature
of the interaction induced by the cavity. Hence, our results
establish a close connection between unconventional pairing
states and long-range interactions, which could be explored
with current state-of-the-art technology.
Specifically, we consider a fermionic atom gas loaded
into a two-dimensional optical square lattice potential with
lattice period a. Its Hamiltonian is given by H0 =
−t ∑〈~n,~m〉,σ c†~n,σc~m,σ − µ∑~n n~n, where t is the hopping integral,
and µ the chemical potential. The summation 〈~n, ~m〉 indicates
summation over adjacent sites ~n and ~m. Additionally, we con-
sider a contact interaction which we will describe later in the
manuscript (see Eq. (3)). The lattice is placed into a cavity
setup sketched in Fig. 1, where two cavities oriented along
the optical lattice axes induce atomic interactions as described
theoretically in detail, e.g., in [35].
The atoms are driven off-resonantly by a pump laser, and
can scatter energy into ring cavity fields oriented along the
x- and y-direction of the optical lattice, thereby experiencing
a momentum kick ±kc in the direction of the cavity fields.
Due to energy conservation, this process can only take place,
when the cavity photon is reabsorbed by another atom and
ar
X
iv
:1
90
6.
10
03
5v
1 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 24
 Ju
n 2
01
9
2z
x
yPump laser
<latexit sha1_base64="Fqmd5LxTEB29G69W2SEnFCcuOgk=">AAAB+ nicdVDLSgMxFM34rPU11aWbYBFcDTO12s6u6MZlBfuAdiiZNG1DMw+SO2oZ+yluXCji1i9x59+YTiuo6IHA4Zz7yvFjwRXY9oextLyyurae28hvbm3 v7JqFvaaKEklZg0Yikm2fKCZ4yBrAQbB2LBkJfMFa/vhi5rdumFQ8Cq9hEjMvIMOQDzgloKWeWegCu4O0ngQxFnqOnPbMom2VSqdV18WalEsV18mI e3ZSxo5lZyiiBeo9873bj2gSsBCoHqE6jh2DlxIJnAo2zXcTxWJCx2TIOpqGJGDKS7PTp/hIK308iKR+IeBM/d6RkkCpSeDryoDASP32ZuJfXieBQd VLeRgnwEI6XzRIBIYIz3LAfS4ZBTHRhFDJ9a2YjogkFHRaeR3C10/x/6RZshzbcq7Kxdr5Io4cOkCH6Bg5qIJq6BLVUQNRdIse0BN6Nu6NR+PFeJ2 XLhmLnn30A8bbJzYXlJ8=</latexit><latexit sha1_base64="Fqmd5LxTEB29G69W2SEnFCcuOgk=">AAAB+ nicdVDLSgMxFM34rPU11aWbYBFcDTO12s6u6MZlBfuAdiiZNG1DMw+SO2oZ+yluXCji1i9x59+YTiuo6IHA4Zz7yvFjwRXY9oextLyyurae28hvbm3 v7JqFvaaKEklZg0Yikm2fKCZ4yBrAQbB2LBkJfMFa/vhi5rdumFQ8Cq9hEjMvIMOQDzgloKWeWegCu4O0ngQxFnqOnPbMom2VSqdV18WalEsV18mI e3ZSxo5lZyiiBeo9873bj2gSsBCoHqE6jh2DlxIJnAo2zXcTxWJCx2TIOpqGJGDKS7PTp/hIK308iKR+IeBM/d6RkkCpSeDryoDASP32ZuJfXieBQd VLeRgnwEI6XzRIBIYIz3LAfS4ZBTHRhFDJ9a2YjogkFHRaeR3C10/x/6RZshzbcq7Kxdr5Io4cOkCH6Bg5qIJq6BLVUQNRdIse0BN6Nu6NR+PFeJ2 XLhmLnn30A8bbJzYXlJ8=</latexit><latexit sha1_base64="Fqmd5LxTEB29G69W2SEnFCcuOgk=">AAAB+ nicdVDLSgMxFM34rPU11aWbYBFcDTO12s6u6MZlBfuAdiiZNG1DMw+SO2oZ+yluXCji1i9x59+YTiuo6IHA4Zz7yvFjwRXY9oextLyyurae28hvbm3 v7JqFvaaKEklZg0Yikm2fKCZ4yBrAQbB2LBkJfMFa/vhi5rdumFQ8Cq9hEjMvIMOQDzgloKWeWegCu4O0ngQxFnqOnPbMom2VSqdV18WalEsV18mI e3ZSxo5lZyiiBeo9873bj2gSsBCoHqE6jh2DlxIJnAo2zXcTxWJCx2TIOpqGJGDKS7PTp/hIK308iKR+IeBM/d6RkkCpSeDryoDASP32ZuJfXieBQd VLeRgnwEI6XzRIBIYIz3LAfS4ZBTHRhFDJ9a2YjogkFHRaeR3C10/x/6RZshzbcq7Kxdr5Io4cOkCH6Bg5qIJq6BLVUQNRdIse0BN6Nu6NR+PFeJ2 XLhmLnn30A8bbJzYXlJ8=</latexit><latexit sha1_base64="Fqmd5LxTEB29G69W2SEnFCcuOgk=">AAAB+ nicdVDLSgMxFM34rPU11aWbYBFcDTO12s6u6MZlBfuAdiiZNG1DMw+SO2oZ+yluXCji1i9x59+YTiuo6IHA4Zz7yvFjwRXY9oextLyyurae28hvbm3 v7JqFvaaKEklZg0Yikm2fKCZ4yBrAQbB2LBkJfMFa/vhi5rdumFQ8Cq9hEjMvIMOQDzgloKWeWegCu4O0ngQxFnqOnPbMom2VSqdV18WalEsV18mI e3ZSxo5lZyiiBeo9873bj2gSsBCoHqE6jh2DlxIJnAo2zXcTxWJCx2TIOpqGJGDKS7PTp/hIK308iKR+IeBM/d6RkkCpSeDryoDASP32ZuJfXieBQd VLeRgnwEI6XzRIBIYIz3LAfS4ZBTHRhFDJ9a2YjogkFHRaeR3C10/x/6RZshzbcq7Kxdr5Io4cOkCH6Bg5qIJq6BLVUQNRdIse0BN6Nu6NR+PFeJ2 XLhmLnn30A8bbJzYXlJ8=</latexit>
FIG. 1. A fermionic atom gas is placed into a rectangular optical
lattice, sketched by the yellow sites. The pump laser in combination
with the two cavities induces long-range interactions between the
atoms.
re-emitted into the laser. Adiabatically eliminating the cav-
ity fields and excited atomic levels, this creates an effective
atomic interaction (see Supplemental Material (SM))
Hcavity =
V0
2N
∑
~k,~k′,~kc,σ,σ′
c†
~k±~kc,σ
c~k,σc
†
~k′∓~kc,σ′
c~k′,σ′ , (1)
where N is the number of lattice sites, and ~kc = kceˆi with
i = x, y. V0 is the interaction strength which is proportional to
the pump laser intensity. Its sign can be controlled by the sign
of the detuning between the cavity resonance and the pump
field frequency, and here we only consider V0 < 0.
In deriving Eq. (1), we assume driving by a linearly po-
larised pump laser, such that the interaction affects both spin
species identically. As a consequence, the interaction can
mediate pairing of both singlet and triplet pairs. Previous
theoretical works describing cavity-mediated interactions of
fermionic atoms had focused on one-dimensional lattices [33–
36]. In [36], the spin states were energetically separated,
such that the cavity coupling was shown to induce either sin-
glet superfluidity or spin-density order. Camacho-Guardian et
al. [35] investigate the same effective interaction mechanism
as considered here. Yet their focus lies on a situation, where
the cavity has similar frequency as the standing laser wave
creating the optical potential, such that |~kc| ∼ pi (where we
measure k in units of 1/a). This regime is signified by the
competition between superfluid pairing and various charge or
spin density wave instabilities. Here, we focus instead on a
regime with |~kc|  pi, where we show that different superfluid
instabilities compete. This regime could be realised either by
employing an infrared or a terahertz cavity, or by tilting the
axis of an optical cavity with respect to the atomic gas, such
that only the cavity wavevector’s projection onto the gas plane
is transferred to the atoms [35]. In this regime, there is no nest-
ing of wavevectors, and competing density wave instabilities
are suppressed.
We restrict our attention to situations where the induced
atomic interactions are weaker than the kinetic energy scale,
and only consider the atomic interaction in the Cooper chan-
nelgiven by VCooper = 12N
∑
~k,~k′,σ,σ′ V~k,~k′c
†
~k,σ
c†−~k,σ′c−~k′,σ′c~k,σ,
with V~k,~k′ = V0
∑
~kc
[δ(~k − ~k′ − ~kc) + δ(~k − ~k′ + ~kc)]. In the
following, we will investigate the pairing symmetry using the
weak-coupling BCS mean field approach. Since the long-
range (in fact, in our setup it is infinite-range) nature of the
cavity-mediated interaction implies that any atom will always
interact with a large number of other atoms, this approach is
well justified. This was found to be the case even in one di-
mension in [36] using bosonisation methods.
We decouple the electron interactions using the mean fields
∆σσ′ (~k) = N−1
∑
k′ Vkk′〈c−~k′,σ′c~k′,σ〉. Going to the continuous
limit, it is straightforward to numerically solve the resulting
gap equation at zero temperature by iteration,
∆(~k) = −
∫
BZ
d2k′
(2pi)2
V~k,~k′
2
∆(~k′)√
2
~k′
+ |∆(~k′)|2
, (2)
where ~k = −2t
∑
i=x,y cos(ki) − µ denotes the normal state en-
ergy dispersion.
Depending on how we choose the initial state for the itera-
tion, we can realise different pairing symmetries. In particular,
as shown in Fig. 2(a)-(d), we find that s-, p- and d-wave sym-
metries yield almost identical mean field strengths, largely
regardless of chemical potential or interaction strength. We
quantify the pairing strength by the maximal mean field value
∆0 in the simulations shown in Fig. 2. As a check, we also
evaluated the integrated strength
∫
BZ |∆(~k)|2d2/(2pi)2, yielding
the same degeneracy. The top row symmetries correspond to
singlet pairing with s-wave [in Fig. 2(a)] or d-wave charac-
ter [in Fig. 2(b)], while the bottom row corresponds to triplet
pairing, where the mean fields have nodes at either ky = 0
[in Fig. 2(c)] or kx = 0 [in Fig. 2(d)]. Other pairing sym-
metries with a larger number of nodes result in weaker mean
field strengths. To further check that these three symmetries
are the only dominating ones, we have also analysed the lead-
ing eigenvalues of the linearised gap equation on the Fermi
surface (see SM) [59].
The observed three-fold degeneracy is a direct consequence
of the lattice symmetry, and the interaction (1) with equal
strength along both lattice axes. The interaction is restricted
along the cavity axes [see Eq. (1)], and therefore symmetries
which take their maxima along these axes such as dx2−y2 are
selected. Orienting the cavities along the anti-diagonals, for
instance, would favour dxy-pairing instead. If we increase the
cavity wavevector kc or reduce the interaction strength V0, we
find that the mean field solutions develop a more complicated
structure that covers larger areas on the Brillouin zone (see
SM), rather than being strongly localised around the Fermi
surface as depicted in Fig. 2. In this manuscript, we focus on
the low-kc regime, where the mean fields peak at the Fermi
surface.
Introducing perturbations will break the degeneracy be-
tween the symmetries, and determine the realised superfluid
3Local interaction U/t
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<latexit sha1_base64="y6R+qkw1Iwv2xtlquW0koFinoMA=">AAAB9HicdVDLSg NBEOyNrxhfUY9eBoMQL+tuEkmOQS8eI5gHJEuYnUySIbOz68xsMCz5Di8eFPHqx3jzb5y8QEULGoqqbrq7/IgzpR3n00qtrW9sbqW3Mzu7e/sH2cOjhgpjSWidhDyULR8ryp mgdc00p61IUhz4nDb90fXMb46pVCwUd3oSUS/AA8H6jGBtJG/UfUAXKF9AnYidd7M5xy4WLiulMlqQ4oqUisi1nTlysEStm/3o9EISB1RowrFSbdeJtJdgqRnhdJrpxIpGmI zwgLYNFTigykvmR0/RmVF6qB9KU0Kjufp9IsGBUpPAN50B1kP125uJf3ntWPcrXsJEFGsqyGJRP+ZIh2iWAOoxSYnmE0MwkczcisgQS0y0ySljQlh9iv4njYLtOrZ7W8pVr5 ZxpOEETiEPLpShCjdQgzoQuIdHeIYXa2w9Wa/W26I1ZS1njuEHrPcv1FOQ1w==</latexit><latexit sha1_base64="y6R+qkw1Iwv2xtlquW0koFinoMA=">AAAB9HicdVDLSg NBEOyNrxhfUY9eBoMQL+tuEkmOQS8eI5gHJEuYnUySIbOz68xsMCz5Di8eFPHqx3jzb5y8QEULGoqqbrq7/IgzpR3n00qtrW9sbqW3Mzu7e/sH2cOjhgpjSWidhDyULR8ryp mgdc00p61IUhz4nDb90fXMb46pVCwUd3oSUS/AA8H6jGBtJG/UfUAXKF9AnYidd7M5xy4WLiulMlqQ4oqUisi1nTlysEStm/3o9EISB1RowrFSbdeJtJdgqRnhdJrpxIpGmI zwgLYNFTigykvmR0/RmVF6qB9KU0Kjufp9IsGBUpPAN50B1kP125uJf3ntWPcrXsJEFGsqyGJRP+ZIh2iWAOoxSYnmE0MwkczcisgQS0y0ySljQlh9iv4njYLtOrZ7W8pVr5 ZxpOEETiEPLpShCjdQgzoQuIdHeIYXa2w9Wa/W26I1ZS1njuEHrPcv1FOQ1w==</latexit><latexit sha1_base64="y6R+qkw1Iwv2xtlquW0koFinoMA=">AAAB9HicdVDLSg NBEOyNrxhfUY9eBoMQL+tuEkmOQS8eI5gHJEuYnUySIbOz68xsMCz5Di8eFPHqx3jzb5y8QEULGoqqbrq7/IgzpR3n00qtrW9sbqW3Mzu7e/sH2cOjhgpjSWidhDyULR8ryp mgdc00p61IUhz4nDb90fXMb46pVCwUd3oSUS/AA8H6jGBtJG/UfUAXKF9AnYidd7M5xy4WLiulMlqQ4oqUisi1nTlysEStm/3o9EISB1RowrFSbdeJtJdgqRnhdJrpxIpGmI zwgLYNFTigykvmR0/RmVF6qB9KU0Kjufp9IsGBUpPAN50B1kP125uJf3ntWPcrXsJEFGsqyGJRP+ZIh2iWAOoxSYnmE0MwkczcisgQS0y0ySljQlh9iv4njYLtOrZ7W8pVr5 ZxpOEETiEPLpShCjdQgzoQuIdHeIYXa2w9Wa/W26I1ZS1njuEHrPcv1FOQ1w==</latexit><latexit sha1_base64="y6R+qkw1Iwv2xtlquW0koFinoMA=">AAAB9HicdVDLSg NBEOyNrxhfUY9eBoMQL+tuEkmOQS8eI5gHJEuYnUySIbOz68xsMCz5Di8eFPHqx3jzb5y8QEULGoqqbrq7/IgzpR3n00qtrW9sbqW3Mzu7e/sH2cOjhgpjSWidhDyULR8ryp mgdc00p61IUhz4nDb90fXMb46pVCwUd3oSUS/AA8H6jGBtJG/UfUAXKF9AnYidd7M5xy4WLiulMlqQ4oqUisi1nTlysEStm/3o9EISB1RowrFSbdeJtJdgqRnhdJrpxIpGmI zwgLYNFTigykvmR0/RmVF6qB9KU0Kjufp9IsGBUpPAN50B1kP125uJf3ntWPcrXsJEFGsqyGJRP+ZIh2iWAOoxSYnmE0MwkczcisgQS0y0ySljQlh9iv4njYLtOrZ7W8pVr5 ZxpOEETiEPLpShCjdQgzoQuIdHeIYXa2w9Wa/W26I1ZS1njuEHrPcv1FOQ1w==</latexit>
k
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⇡
)
<latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit><latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit><latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit><latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit>
k
y
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2
⇡
)
<latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit><latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit><latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit><latexit sha1_base64="eiToWEOyY7VqANzszk/OYNZmdJc=">AAAB9HicdVDLSgNBEOz1GeMr6tHLYBDiZd1NIskx6MVjBPOAZAmzk0kyZHZ2nZkNLEu+w4sHRbz6Md78GycvUNGChqKqm+4uP+JMacf5tNbWNza3tjM72d29/YPD3NFxU4WxJLRBQh7Kto8V5UzQhmaa03YkKQ58Tlv++GbmtyZUKhaKe51E1AvwULABI1gbyRv3EnSJCkXUjdhFL5d37FLxqlquoAUprUi5hFzbmSMPS9R7uY9uPyRxQIUmHCvVcZ1IeymWmhFOp9lurGiEyRgPacdQgQOqvHR+9BSdG6WPBqE0JTSaq98nUhwolQS+6QywHqnf3kz8y+vEelD1UiaiWFNBFosGMUc6RLMEUJ9JSjRPDMFEMnMrIiMsMdEmp6wJYfUp+p80i7br2O5dOV+7XsaRgVM4gwK4UIEa3EIdGkDgAR7hGV6sifVkvVpvi9Y1azlzAj9gvX8B1eGQ2A==</latexit>
(a)
<latexit sha1_base64= "05C3E9xYAFBcTO4RgNN0sPySeL4=">AAAB6nicdV DLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFn C7GQ2GTI7u8zMCmHJJ3jxoIhXv8ibf+PkBSpa0FBU ddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJ KEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9dzv/NApW KRuNfTmHohHgkWMIK1ke5K+GJQKDp2pXxZr9bQklT WpFpBru0sUIQVmoPCR38YkSSkQhOOleq5Tqy9FEvN CKezXD9RNMZkgke0Z6jAIVVeujh1hs6NMkRBJE0Jj Rbq94kUh0pNQ990hliP1W9vLv7l9RId1L2UiTjRV JDloiDhSEdo/jcaMkmJ5lNDMJHM3IrIGEtMtEknZ0 JYf4r+J+2y7Tq2e1stNq5WcWThFM6gBC7UoAE30IQ WEBjBIzzDi8WtJ+vVelu2ZqzVzAn8gPX+Bf9cjZw= </latexit><latexit sha1_base64= "05C3E9xYAFBcTO4RgNN0sPySeL4=">AAAB6nicdV DLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFn C7GQ2GTI7u8zMCmHJJ3jxoIhXv8ibf+PkBSpa0FBU ddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJ KEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9dzv/NApW KRuNfTmHohHgkWMIK1ke5K+GJQKDp2pXxZr9bQklT WpFpBru0sUIQVmoPCR38YkSSkQhOOleq5Tqy9FEvN CKezXD9RNMZkgke0Z6jAIVVeujh1hs6NMkRBJE0Jj Rbq94kUh0pNQ990hliP1W9vLv7l9RId1L2UiTjRV JDloiDhSEdo/jcaMkmJ5lNDMJHM3IrIGEtMtEknZ0 JYf4r+J+2y7Tq2e1stNq5WcWThFM6gBC7UoAE30IQ WEBjBIzzDi8WtJ+vVelu2ZqzVzAn8gPX+Bf9cjZw= </latexit><latexit sha1_base64= "05C3E9xYAFBcTO4RgNN0sPySeL4=">AAAB6nicdV DLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFn C7GQ2GTI7u8zMCmHJJ3jxoIhXv8ibf+PkBSpa0FBU ddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJ KEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9dzv/NApW KRuNfTmHohHgkWMIK1ke5K+GJQKDp2pXxZr9bQklT WpFpBru0sUIQVmoPCR38YkSSkQhOOleq5Tqy9FEvN CKezXD9RNMZkgke0Z6jAIVVeujh1hs6NMkRBJE0Jj Rbq94kUh0pNQ990hliP1W9vLv7l9RId1L2UiTjRV JDloiDhSEdo/jcaMkmJ5lNDMJHM3IrIGEtMtEknZ0 JYf4r+J+2y7Tq2e1stNq5WcWThFM6gBC7UoAE30IQ WEBjBIzzDi8WtJ+vVelu2ZqzVzAn8gPX+Bf9cjZw= </latexit><latexit sha1_base64= "05C3E9xYAFBcTO4RgNN0sPySeL4=">AAAB6nicdV DLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFn C7GQ2GTI7u8zMCmHJJ3jxoIhXv8ibf+PkBSpa0FBU ddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJ KEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9dzv/NApW KRuNfTmHohHgkWMIK1ke5K+GJQKDp2pXxZr9bQklT WpFpBru0sUIQVmoPCR38YkSSkQhOOleq5Tqy9FEvN CKezXD9RNMZkgke0Z6jAIVVeujh1hs6NMkRBJE0Jj Rbq94kUh0pNQ990hliP1W9vLv7l9RId1L2UiTjRV JDloiDhSEdo/jcaMkmJ5lNDMJHM3IrIGEtMtEknZ0 JYf4r+J+2y7Tq2e1stNq5WcWThFM6gBC7UoAE30IQ WEBjBIzzDi8WtJ+vVelu2ZqzVzAn8gPX+Bf9cjZw= </latexit>
(b)
<latexit sha1_base64="5dGjbmxknIH7iR+8NYc IzAinWz0=">AAAB6nicdVDLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFnC7GQ2GTI7u8zMCmHJJ3j xoIhXv8ibf+PkBSpa0FBUddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJKEtEvFIdn2sKGeCtjTTn HZjSXHoc9rxJ9dzv/NApWKRuNfTmHohHgkWMIK1ke5K/sWgUHTsSvmyXq2hJamsSbWCXNtZoAgrNAeFj/4 wIklIhSYcK9VznVh7KZaaEU5nuX6iaIzJBI9oz1CBQ6q8dHHqDJ0bZYiCSJoSGi3U7xMpDpWahr7pDLEeq 9/eXPzL6yU6qHspE3GiqSDLRUHCkY7Q/G80ZJISzaeGYCKZuRWRMZaYaJNOzoSw/hT9T9pl23Vs97ZabFy t4sjCKZxBCVyoQQNuoAktIDCCR3iGF4tbT9ar9bZszVirmRP4Aev9CwDwjZ0=</latexit><latexit sha1_base64="5dGjbmxknIH7iR+8NYc IzAinWz0=">AAAB6nicdVDLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFnC7GQ2GTI7u8zMCmHJJ3j xoIhXv8ibf+PkBSpa0FBUddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJKEtEvFIdn2sKGeCtjTTn HZjSXHoc9rxJ9dzv/NApWKRuNfTmHohHgkWMIK1ke5K/sWgUHTsSvmyXq2hJamsSbWCXNtZoAgrNAeFj/4 wIklIhSYcK9VznVh7KZaaEU5nuX6iaIzJBI9oz1CBQ6q8dHHqDJ0bZYiCSJoSGi3U7xMpDpWahr7pDLEeq 9/eXPzL6yU6qHspE3GiqSDLRUHCkY7Q/G80ZJISzaeGYCKZuRWRMZaYaJNOzoSw/hT9T9pl23Vs97ZabFy t4sjCKZxBCVyoQQNuoAktIDCCR3iGF4tbT9ar9bZszVirmRP4Aev9CwDwjZ0=</latexit><latexit sha1_base64="5dGjbmxknIH7iR+8NYc IzAinWz0=">AAAB6nicdVDLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFnC7GQ2GTI7u8zMCmHJJ3j xoIhXv8ibf+PkBSpa0FBUddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJKEtEvFIdn2sKGeCtjTTn HZjSXHoc9rxJ9dzv/NApWKRuNfTmHohHgkWMIK1ke5K/sWgUHTsSvmyXq2hJamsSbWCXNtZoAgrNAeFj/4 wIklIhSYcK9VznVh7KZaaEU5nuX6iaIzJBI9oz1CBQ6q8dHHqDJ0bZYiCSJoSGi3U7xMpDpWahr7pDLEeq 9/eXPzL6yU6qHspE3GiqSDLRUHCkY7Q/G80ZJISzaeGYCKZuRWRMZaYaJNOzoSw/hT9T9pl23Vs97ZabFy t4sjCKZxBCVyoQQNuoAktIDCCR3iGF4tbT9ar9bZszVirmRP4Aev9CwDwjZ0=</latexit><latexit sha1_base64="5dGjbmxknIH7iR+8NYc IzAinWz0=">AAAB6nicdVDLSgNBEOyNrxgfiXr0MhiEeFl2k0hyDHrxGNE8IFnC7GQ2GTI7u8zMCmHJJ3j xoIhXv8ibf+PkBSpa0FBUddPd5cecKe04n1ZmY3Nreye7m9vbPzjMF46O2ypKJKEtEvFIdn2sKGeCtjTTn HZjSXHoc9rxJ9dzv/NApWKRuNfTmHohHgkWMIK1ke5K/sWgUHTsSvmyXq2hJamsSbWCXNtZoAgrNAeFj/4 wIklIhSYcK9VznVh7KZaaEU5nuX6iaIzJBI9oz1CBQ6q8dHHqDJ0bZYiCSJoSGi3U7xMpDpWahr7pDLEeq 9/eXPzL6yU6qHspE3GiqSDLRUHCkY7Q/G80ZJISzaeGYCKZuRWRMZaYaJNOzoSw/hT9T9pl23Vs97ZabFy t4sjCKZxBCVyoQQNuoAktIDCCR3iGF4tbT9ar9bZszVirmRP4Aev9CwDwjZ0=</latexit>
(c)
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FIG. 2. (a) - (d) Solutions of the gap equation (2) in a two-dimensional fermion gas. The initial state for the iterative solution is chosen with
(a) s-wave, ∆ini(~k) = t, (b) d-wave, ∆ini(~k) = t(cos(kx)− cos(ky)), and (c) and (d) p-wave symmetry, ∆ini(~k) = t sin(kx) and t sin(ky), respectively.
The other parameters are kc = 0.02pi, V0 = −0.1t, U = 0 and µ = −0.5t. (e) Dominating pairing symmetry vs. the magnetic field energy γB
and the local Feshbach interaction U. The cavity-mediated interaction strength is V0 = −0.1t, and the chemical potential µ = −3t.
state. Here, we focus on the simultaneous application of two
such perturbations: First, we include a local contact interac-
tion,
HU = U
∑
~m
n~m,↑n~m,↓, (3)
where U denotes the Feshbach-induced local atomic interac-
tion, which can be chosen either attractive (U < 0) or repul-
sive (U > 0). It is included in the gap equation (2) by replac-
ing V~k,~k′ → V~k,~k′ + U. Second, we consider a weak magnetic
field along the z-direction,
HB = −γB2
∑
~m
(
n~m,↑ − n~m,↓
)
, (4)
which lifts the spin degeneracy. It splits the Fermi surface into
different spin sectors, and thus creates a spin imbalance.
Fig. 2(e) shows the dominating pairing symmetry as a func-
tion of the local interaction U and the magnetic field B. We
find that a local attractive interaction (U < 0) enhances the
s-wave pairing, and pushes the system into a topologically
trivial state. Conversely, a local repulsive interaction destroys
the s-wave. The other symmetries’ wavefunctions all feature
a node at the origin, and are thus not affected by the local in-
teraction.
When, in addition, the magnetic field strength B is in-
creased, the p-wave pairing becomes dominant. Small mag-
netic fields do not affect the singlet pairing, but change the
chemical potential of the triplet amplitude (see SM). As a con-
sequence, the majority spin pairing amplitude becomes dom-
inant over the singlet pairing. The magnetic field strength at
which the crossover to p-wave pairing takes place depends on
the chemical potential, and consequently so does the critical
Site no.
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FIG. 3. (a) Section of the band structure of a finite strip with n = 200
sites in width and periodic boundary conditions in y-direction, featur-
ing p-wave pairing in the dominant spin-up channel. The spin-down
states are indicated by semi-transparent blue dots. The parameters
are µ = −2t, V0 = −0.1t, and magnetic field µ0B = 0.02t. (b) Density
plots of the topologically protected edge states, |ψedge|2, at each side
of the strip.
magnetic field strength, at which this crossover takes place. In
Fig. 2(e), we chose a fairly low filling factor, such that a weak
field is sufficient to favour p-wave pairing.
Fig. 3 depicts the band structure of a quasiparticle Hamil-
tonian with p-wave pairing in the majority spin sector, by di-
agonalising the Hamiltonian on a finite strip. Each edge fea-
tures a band of edge states with positive dispersion on the right
boundary, and a negative dispersion curve on the other one.
These states are covered by non-condensed atomic states in
the minority spin channel. Since the free energy is typically
minimised in a J = 0 state [60], the sign of the magnetic
field - which determines the majority spin orientation - also
determines the chirality of the condensate, and therefore the
4Site n
x
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FIG. 4. (a) The density of localised Majorana bound state wave-
functions |φedge(nx, ny)|2 of the p + id-state, corresponding to a local
repulsive interaction on the right side of panel (a), are plotted on a lat-
tice with 50×50 sites. The mean field strength is fixed at ∆0 = 0.19t,
and µ = −0.5t. (b) The eigenenergies of a 30 × 30 site square lattice
Hamiltonian in the p + id-state are shown vs. the chemical poten-
tial µ. The mean field strength is enhanced to ∆0 = t to improve the
visibility of the gap.
dispersion of the edge states.
We next consider the case B = 0 specifically. In the absence
of a magnetic field, a local repulsive interaction will suppress
the s-wave, but it does not affect the p- and d-wave symme-
tries. We investigate the competition between the p- and d-
wave phases by adopting a standard mean field Hamiltonian
for unconventional superconductivity that captures the sym-
metry properties of the leading eigenfunctions. The relative
phase between the p- and d-wave mean field components can-
not be deduced from our mean field solutions, so we obtain it
by numerically minimising the ground state energy of the sys-
tem (see SM), and find the phase to be ±pi/2. This means the
system forms a nodeless, helical superfluid [42]. In contrast
to most common models of chiral superconductivity in con-
densed matter, where chirality is created by strong spin-orbit
coupling or by externally breaking time-reversal symmetry (as
in Fig. 3), here we find it to be the consequence of an ”acciden-
tal” degeneracy of two competing phases, creating a frustrated
system. It is not enforced by a symmetry of the system, but
rather by the infinite range of the cavity-mediated interaction:
a node (as in p- or d- wave pairing) in the two-atom wave-
function only results in a negligibly small energy penalty, and
consequently the two mean fields are almost perfectly degen-
erate. In this situation, in order for the system to avoid nodes
in the emerging band gap, the Cooper pairs acquire a chiral
character, and time reversal symmetry is spontaneously bro-
ken. Experimentally, the chirality of the condensate could be
tested through the measurement of density-spin or of density-
current correlations [61]. Topological order could be detected
in time-of-flight measurements as described in [62].
Topological properties of this p + id chiral state were re-
cently investigated in [63]. It was shown to be a second-order
topological state [64, 65] that features zero-dimensional edge
states which are localised in the corners of the system. This
behaviour can be understood when starting from a p-wave
superfluid, which features a one-dimensional edge state dis-
persion (see Fig. 3). The admixing of the complex d-wave
order parameter gaps out the edge state dispersion of the p-
wave state, leaving behind only localised Majorana states at
the sample corners, where the d-wave mean field vanishes. In
Fig. 4(a), these corner states are shown on a finite lattice with
p+ id pairing. Due to their topological protection, these states
are fixed at zero energy regardless of the mean field strength or
local perturbations of the Hamiltonian. We plot the variation
of the eigenenergies with the chemical potential in Fig. 4(b),
certifying that the topological corner states are fixed at zero
energy for any µ ∈ (−4t, 4t). At |µ| = 4t, the gap closes, and
the system undergoes a topological phase transition to a trivial
state.
Finally, we remark that a conceptually similar situation
was investigated in [66], where degenerate pairing instabili-
ties to s- and p-waves were considered in a three-dimensional
condensed-matter system. In the presence of time-reversal
symmetry, it was found that the phase transition between the
two symmetries proceeds through an intermediate s+ ip-state,
which can be called an “axion superconductor”. Though
we did not investigate this possibility here, the axion mode
emerges from relative phase fluctuations of the symmetric sin-
glet and the anti-symmetric triplet components, and could also
be present in the p + id-state we found here.
To conclude, we have found exotic p + id-states fea-
turing Majorana fermions arising from the competition be-
tween cavity-induced, long-range and Feshbach-induced, lo-
cal atom-atom interactions. This proposed setup enables the
continuous variation of the perturbations, and thus to scan
the system through various topological phase transitions - be-
tween trivial and first- or second-order topological states, or
between two distinct topological phases. Our approach further
provides a new approach to create Majorana fermions in ultra-
cold atoms, and could lead to an alternative platform for topo-
logical quantum computing [67]. Rather than fine-tuning a
microscopic Hamiltonian, it relies upon the controlled break-
ing of degeneracies of different pairing instabilities. In the fu-
ture, the insertion of local impurity atoms as quantum probes
[68–70] could allow for the read-out and possibly the con-
trolled manipulation of the localised Majorana modes created
in such a setup. Furthermore, with cavity design of materials
also being discussed in condensed matter [71–78], ultracold
atoms could form the an ideal platform to test these theoreti-
cal proposals in well-controlled settings.
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